Abstract-In the present work the radiation of sound from a bifurcated circular waveguide formed by a semi-infinite rigid duct inserted axially into a larger infinite tube with discontinuous wall impedance is reconsidered through an alternative approach which consists of using the mode matching technique in conjunction with the Wiener-Hopf method. By expressing the total field in the appropriate waveguide region in terms of normal modes and using the Fourier transform technique elsewhere, we end up with a single modified Wiener-Hopf equation whose solution involves an infinite system of algebraic equations. This system is solved numerically and the influence of some parameters on the radiation phenomenon is shown graphically. The equivalence of the direct method described in [1] and the present mixed method are shown numerically.
INTRODUCTION
In a previous work by the authors [1] , the radiation of sound from a bifurcated circular waveguide formed by a semi-infinite rigid duct inserted axially into a larger infinite tube with discontinuous wall impedance (see Fig. 1 ) has been analyzed by using the Fourier transform technique. The related boundary value problem is then formulated as a matrix Wiener-Hopf equation and solved rigorously through the "weak factorization" [2] , or "pole removal" [3, 4] method. When the Neumann boundary condition satisfied on the inner semiinfinite cylinder is replaced by a more general one, such as the impedance type boundary condition, the resulting matrix Wiener-Hopf equation becomes very complicated. Therefore, a hybrid method of formulation consisting of expressing the field in the region a < ρ < b, z < 0 in terms of normal waveguide modes and using the Fourier transform technique elsewhere may be adopted. The use of this hybrid method results in a single modified Wiener-Hopf equation involving infinitely many unknown expansion coefficients satisfying an infinite system of linear algebraic equations [7] . An alternative approach would be the very well known mode matching technique. The advantage of the mixed method used in this paper over the pure mode-matching technique is that the edge conditions are incorporated rigorously in the analysis through Wiener-Hopf procedure, while the mode matching requires a proper application of edge conditions by checking the convergence rate of the modal amplitudes. Indeed, by using the hybrid method we end-up with a single set of infinitely many expansion coefficients satisfying an infinite system of linear algebraic equations which can be solved by numerical methods. 
MIXED METHOD OF FORMULATION
We now express the total field as
where H(z) denotes the unit step function. u 
2 (a, z) = 0, (2a)
can be expressed in terms of normal waveguide modes as:
with
and ±α m being the symmetrical zeros of
Here K(α) stands for
The square root function is defined in the complex α-plane cut along
The boundary and continuity relations are
and
To obtain a unique solution the following edge conditions should also be taken into account
Consider first the region 0 < ρ < a. By applying full range Fourier transform to the Helmholtz equation satisfied by u 1 (ρ, z), we get
The solution of (6a) is
Taking the derivative of (7) and using the Fourier transform of the boundary condition in (5a), namely
we obtain
By using the edge condition in (5h) and taking into account that
for |α| → ∞. Now, consider the region a < ρ < b, z > 0. By taking the halfrange Fourier transform of the Helmholtz equation satisfied by u 2 (ρ, z) we get
Here
while f (ρ) and g(ρ) stand for
The solution of the non homogeneous equation in (10a) can be obtained by using the Green's function technique. The result is
The regularity of the right hand-side of (11a) is ensured iḟ
By using the Fourier transform of the continuity relation in (5c)
and the following eigenfunction expansion
we end up with the following modified Wiener-Hopf equation
whose solution readṡ
Here L + (α) is a function regular and free of zeros in the upper half plane Imα > −Imk resulting from the Wiener-Hopf factorization of
as
The explicit expression of L + (α) is [1] :
where T stands for
and ξ m and χ m are the roots of the following equations:
The unknown coefficients A m and f m , g m appearing in (3a) and (12a), respectively are to be determined trough the regularity condition (12a) and the following matching conditions derived from (5e), (5f):
Multiplying both sides of (19a,b) by
and integrating from a to b, we get
where ∆ jm stands for:
Substituting (21) in (12a), and using (16) we get a single infinite system of linear algebraic equations for the modal expansion coefficients A j which are solved numerically.
To solve this system we assume that the convergence of the infinite series involved is rapid enough to allow truncation at n = N . The value of N is increased until the transmission coefficient does not change in a given number of decimal place. It was seen that the convergence is very fast and the truncation number may be chosen as N = 3 [1] .
The radiated field is obtained by evaluating the following integral
The transmission coefficient T of the fundamental mode is defined as the complex coefficient multiplying the travelling wave term exp (iξ 1 z) and is computed from the contribution of the first pole at α = −ξ 1 . The result is
where the dash ( ) denotes the derivative with respect to α. Similarly, the reflection coefficient R of the fundamental mode which is defined as to be the complex coefficient of exp(−ikz) is computed as contribution from the pole at α = k, which is
COMPUTATIONAL RESULTS
In this section some graphical results showing the effects of the geometrical and physical parameters on reflection coefficient given in (26) are presented. 
CONCLUSION
The direct method of formulation described in [1] is simpler, but requires the Wiener-Hopf factorization of a kernel matrix. In some special cases, as in the present problem, the factorization can be accomplished rather easily
The mixed method of formulation described in this work requires more complicated calculations but results into a single modified Wiener-Hopf equation. The advantage of the hybrid method is that it can be applied to more general cases.
For the present geometry, the direct method is effective only when the inner semi-infinite duct is completely rigid or completely soft. But it becomes very complicated when the wall of the duct is characterized by a more general boundary condition, such as the impedance boundary condition.
